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Abstract

Indefinite kernels arise in practice, e.g. from
problem-specific kernel construction. Therefore, it is
necessary to understand the behavior and suitability of
classifiers in the corresponding indefinite inner product
spaces. In this paper we address the Indefinite Kernel
Fisher Discriminant (IKFD). First, we give the geomet-
ric interpretation of the Fisher Discriminant in indefi-
nite inner product spaces. We show that IKFD is closely
related to the well-known formulation of the traditional
Kernel Fisher Discriminant derived for positive definite
kernels. Practical implications are that IKFD can be
directly applied to indefinite kernels without manipula-
tion of the kernel matrix. Experiments demonstrate the
geometrically intuitive classification and enable com-
parisons to other indefinite kernel classifiers.

1. Introduction

Indefinite kernels arise in practice when derived
from non-Euclidean distances, by incorporation of in-
variance into similarity measures, via robust template
matching procedures, or by combination of multiple
kernel matrices. However, kernel methods are mostly
(and frequently wrongly) considered to be restricted to
positive definite kernels. The mathematical elegance of
kernel-based approaches can be extended to indefinite
kernels, leading to powerful learning methods. It is,
therefore, crucial to understand the geometry, behavior
and suitability of kernel algorithms in the correspond-
ing indefinite inner product spaces. This has success-
fully been demonstrated for, e.g. Generalized Nearest
Mean Classifiers [9], Support Vector Machines [4] or
regression methods [8, 1].

Kernel Fisher Discriminant (KFD) has been pro-
posed in [6, 7] as a kernel-based formulation of the
traditional Fisher Linear Discriminant [2]. In this pa-
per, we address the Indefinite Kernel Fisher Discrimi-
nant (IKFD) as a natural extension of KFD to indefinite

kernels. We will provide a geometrical interpretation,
a kernelized algorithm and explain the relation to other
relevant techniques in the indefinite case.

2. Data Representation in Indefinite Spaces

The so-calledpseudo-Euclidean (pE) spaces[3] with
their non-degenerate indefinite inner product are suit-
able for representing indefinite kernels for finite data.
We briefly recall some basics of these spaces required
for the further derivations; see [3] for details. A
pE space is a direct sum of two Euclidean spaces
R

(p,q) := R
p ⊕ R

q for p, q ∈ N0 with the inner prod-
uct 〈·, ·〉pE := 〈·, ·〉

Rp − 〈·, ·〉
Rq based on the tradi-

tional inner products ofRp andR
q. The pair(p, q) is

the signatureof the pE space. Forp, q > 0, the inner
product is indefinite and can be written as a matrix-
vector multiplication by〈x,x′〉pE = xT Jx′ with the
matrix J = diag(1p,−1q), where1p ∈ R

p denotes
the p-dimensional vector of all ones. Hence, the in-
ner product is positive definite onRp and negative def-
inite on R

q. The indefinite inner product defines a
squared norm, as usual,‖x‖2

pE := 〈x,x〉pE, which

consequently defines the squared distances‖x − x′‖
2
pE.

The spaceRp+q with the usual positive definite inner
product 〈x,x′〉 := xT x′ is called theassociated Eu-
clidean space. Linear decision functions in pE spaces
are based on a normal vectorw ∈ R

(p,q) and biasb ∈ R

asf(x) = 〈w,x〉pE + b = wT Jx + b. These spaces
face some geometrical particularities, such as vectors
with negative squared norm or negative squared dis-
tances, and notions of orthogonality which differ from
the usual Euclidean notion. In particular, the pE orthog-
onality corresponds to Euclidean orthogonality after re-
flection with the elementary symmetryJ, which is im-
portant for understanding linear classifiers, cf. Fig. 1.
These spaces are relevant for pattern analysis as they
allow embeddings of arbitrary symmetric dissimilarity
data [3, 9] or data with indefinite kernels. Hence, they
provide the geometry for data analysis algorithms. We



assume to have the training dataX = {xi}
n
i=1 ⊂ X

from a general object spaceX with binary labelsy =
(yi)

n
i=1, yi ∈ {±1}. The number of positive and neg-

ative examples isn+ and n−, respectively. The set
of indices of each class areI+ := {i : yi = +1}
and I− := {i : yi = −1}. A symmetric but possi-
bly indefinite kernel functionk(x, x′) induces the ker-
nel matrix K = (k(xi, xj))

n
i,j=1. By singular value

decomposition ofK one can construct an embedding
Φ : X → R

(p,q) into a pE-spaceR(p,q) such thatk is the
indefinite inner productk(xi, xj) = 〈Φ(xi),Φ(xj)〉pE.
We abbreviate the matrix of mapped training data as
Φ = [Φ(x1), . . . ,Φ(xn)], which implies thatK =
ΦT JΦ. The class means areµ+ := 1

n+

∑

i∈I+
Φ(xi)

andµ
−

:= 1
n
−

∑

i∈I
−

Φ(xi).

3. Indefinite KFD
Given the indefinite kernel matrix and the embed-

ded data in a pE space, the linear Fisher Discriminant
f(x) = 〈w,Φ(x)〉pE + b is based on a weight vectorw
such that the between-class scatter is maximized while
the within-class scatter is minimized alongw. This di-
rection is obtained by maximizing the Fisher criterion

J(w) :=

〈

w,ΣB
pEw

〉

pE
〈

w,ΣW
pEw

〉

pE

. (1)

Here, the operation of the pseudo-Euclidean between-
class scatter matrix is given byΣB

pEw = (µ+ −

µ
−

)
〈

µ+−µ
−

,w
〉

pE
= (µ+ −µ

−
)(µ+ −µ

−
)T Jw.

Hence, we can writeΣB
pE = ΣBJ, whereΣB = (µ+−

µ
−

)(µ+−µ
−

)T is the Euclidean between-class scat-
ter matrix in the associated Euclidean space. Simi-
larly, the within-class scatter matrix can be expressed
asΣW

pE := ΣW J with the Euclidean within-class scat-
ter matrixΣW :=

∑

i∈I+
(Φ(xi)−µ+)(Φ(xi)−µ+)T +

∑

i∈I
−

(Φ(xi)−µ
−

)(Φ(xi)−µ
−

)T . The bias in the

classifier can be chosen asb=− 1
2

〈

w,µ++µ
−

〉

pE
.

The first important result is a geometric interpre-
tation of the indefinite Fisher Discriminant: inserting
these representations and substitutingv = Jw into the
Fisher criterion (1) and the discriminant function yields
J(w) = vT ΣBv/(vT ΣW v) whilef(x) = vT Φ(x)+b
with b = − 1

2v
T (µ+ +µ

−
). This means that the Fisher

Discriminant in the pE spaceR(p,q) is identical to the
Fisher Discriminant in the associated Euclidean space
R

p+q. This is by far not clear a-priori and not valid for
other indefinite kernel classifiers, e.g. indefinite SVM.

A kernel method should avoid such explicit embed-
dings into a pE space and constructions of new in-
ner products based on eigendecompositions. The ker-

nel function should only be used, instead. And in-
deed, IKFD can exactly be obtained in such a ker-
nelized form by using the original indefinite kernel.
The normalw ∈ R

(p,q) can be expressed as a linear
combination of the training dataΦ(xi). So, we have
w =

∑n
i=1 αiΦ(xi) = Φα with the coefficient vector

α = (αi)
n
i=1 ∈ R

n. In addition, we also introduce the
coefficient vectorc+ with the entries(c+)i =1/n+ for
i ∈ I+ and(c+)i =0, otherwise and, similarly,c− with
the entries(c−)i =1/n− for i ∈ I− and(c−)i =0, oth-
erwise. This allows us to compactly writeµ+−µ

−
=

Φ(c+−c−). By usingC :=(c+−c−)(c+−c−)T , as a
result, the numerator of (1) can be rewritten as
〈

w,ΣB
pEw

〉

pE
= (Φα)T J(µ+−µ

−
)(µ+−µ

−
)T JΦα

= α
T ΦT JΦ(c+ − c−)(c+ − c−)T ΦT JΦα

= α
T ΦT JΦCΦT JΦα = α

T KCKα

thanks toK = ΦT JΦ being the given indefinite kernel
matrix. Concerning the denominator, we decompose
Φ into images of the positive classΦ+ ∈ R

n×n+ and
images of the negative classΦ− ∈ R

n×n
− . Similarly,

the kernel matrix is decomposed intoK+ =ΦT JΦ+ ∈
R

n×n+ andK−=ΦT JΦ−∈R
n×n

− . Using these defi-
nitions and some elementary reformulations, the within-
class scatter matrix for the positive class is

∑

i∈I+

(Φ(xi) − µ+)(Φ(xi) − µ+)T =

Φ+(In+
−

1

n+
1n+

1T
n+

)ΦT
+ = Φ+H+ΦT

+

with the centering matrixH+ = In+
− 1

n+
1n+

1T
n+

,

and identity matrixIn+
∈ R

n+×n+ . A similar deriva-
tion with an analogous definition ofH− can be done for
the within-class scatter matrix of the other class. Con-
sequently, the denominator of (1) becomes
〈

w,ΣW
pEw

〉

pE

= α
T ΦT J

(

Φ+H+ΦT
+ + Φ−H−ΦT

−

)

JΦα

= α
T

(

K+H+KT
+ + K−H−KT

−

)

α.

The objective function to be maximized for IKFD
is now identical to the original KFD criterion (valid
for the positive definite case), but involves an indefi-
nite kernel matrix:J(α) = αT

Mα
αT Nα

with the matrices
M := KCK andN := K+H+KT

+ + K−H−KT
−

.
Note thatM andN are positive semidefinite by con-
struction. SinceN is in general singular, a slight regu-
larization is used, e.g.Nβ :=N+βIn with a parameter
β > 0. We know that the solutionα can be obtained
as the leading eigenvector ofN−1

β M. A simplified so-
lution is based on the insight that rank(M) = 1, map-
ping vectors to the span ofK(c+−c−). Hence, one
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Figure 1. Linear separation based on an
indefinite linear kernel.

can directly obtain the solutionα = N−1
β K(c+−c−).

After training of the IKFD in the kernel form, classi-
fication also naturally relies on taking the sign of the
kernel expansionf(x) =

∑n
i=1 αik(xi, x) + b, where

b=− 1
2α

T ( 1
n+

K+1n+
+ 1

n
−

K−1n
−

). Starting with the
original KFD formulation for positive definite kernels
one could presume that the KFD might be heuristically
applicable for indefinite kernels. Our derivation shows
that this is based on a theoretic basis and an intuitive
geometrical interpretation. Hence, IKFD is a sound
method for indefinite kernels.

4. Experiments

All experiments are performed by using the
MATLAB-toolbox PRtools (http://prtools.org).
We use two reference kernel classifiers: indefinite SVM
(ISVM) and indefinite kernel nearest mean classifier
(IKNMC), based on the decision functionf(x) :=
∥

∥µ
−
− Φ(x)

∥

∥

2

pE
−

∥

∥µ+ − Φ(x)
∥

∥

2

pE
and becomes a lin-

ear discriminant withw := µ+−µ
−

andb as for IKFD.
The first example is an artificial indefinite data set

consisting of two normally distributed point clouds in
R

(1,1) plotted in Fig. 1. The horizontal axis is the sub-
space with positive signature, the vertical axis the space
with negative signature. The pE inner product is taken
as a kernel, which results in linear classification bound-
aries for all considered classifiers.

The intuitively good, and “Euclidean-like” classifi-
cation of the indefinite data set by IKFD is obvious.
This is a confirmation of the geometrical interpreta-
tion from Sec. 3. Other classifiers such as IKNMC and
ISVM suffer from the implicit reflection of the decision
normalw by the multiplication withJ in the indefinite
inner product. Note, that in the given example, both
ISVM and IKFD will converge towards the IKNMC
boundary if the regularization parametersC → 0 and
β → ∞, respectively.

As a further example we consider an artificial4 × 4

Table 1. Checkerboard example. Mea-
sures of indefiniteness and test errors.
σ r (p, q) IKFD (β) ISVM (C) IKNMC

0.010 0.000 (98,2) 0.336 (10) 0.323 (10) 0.340
0.050 0.022 (82,18) 0.145 (10) 0.134 (10) 0.173
0.100 0.055 (66,34) 0.121 (10−1) 0.121 (1) 0.201
0.500 0.125 (51,49) 0.083 (1) 0.168 (1) 0.384
1.000 0.132 (52,48) 0.091 (10−3) 0.418 (1) 0.486
5.000 0.107 (50,50) 0.132 (10−2) 0.480 (1) 0.497
10.00 0.062 (51,49) 0.159 (10−3) 0.373 (102) 0.494
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Figure 2. Indefinite invariant-kernel classi-
fiers for the checkerboard data.

checkerboard data set based on a uniform distribution
on [−2, 2]2 ⊂ R

2, cf. Fig. 2. A practical source of in-
definiteness is incorporation of invariance into kernels.
Here, it is done by combining different kernels into a
new one. Let us denoted(x, x′) :=

∑

i=1,2 |(x)i−(x′)i|
2

and the kernelk(x, x′) := exp(−d(x, x′)2/σ2). As
prior knowledge we observe that the problem is in-
variant wrt. the point reflectionτ(x) := −x through
the origin. We incorporate this prior knowledge by
combining two kernels into a new one:̄k(x, x′) :=
max(k(x, x′), k(x, τ(x′)), which can alternatively be
motivated by invariant distances [5]. Application on a
random training data set of50+50 samples yields an
indefinite kernel matrix and corresponding data repre-
sentations in pE spacesR

(p,q) for eachσ. In addition to
the signature(p, q), Tab. 1 gives further quantifications
of the indefiniteness byr :=

(
∑

λi<0 |λi|
)

/ (
∑

i |λi|),
the ratio of negative variance to overall variance mea-
sured by the sums of eigenvaluesλi of K. A 10-fold
cross-validation was performed on the training set for
each of the listedσ to determine the regularization pa-
rameter for IKFD amongβ = 10−4, 10−3, . . . , 102 and
for ISVM amongC =10−2, 10−1, . . . , 104. The chosen
regularization parameters and the corresponding test er-
rors (500+500 samples) are reported in Tab. 1. The
resulting classifiers (withσ also being selected in cross-
validation) are illustrated in Fig. 2. The parameters are:
β =1, σ =0.5 for IKFD, C =1, σ = 0.1 for ISVM, and



Table 2. Polygon example. Average signa-
tures and test-errors.

γ mean(p, q) IKFD ISVM IKNMC
0.2 (99.0,1.0) 0.021±0.006 0.021±0.006 0.089±0.027
0.5 (99.0,1.0) 0.019±0.006 0.018±0.004 0.110±0.034
0.7 (98.9,1.1) 0.020±0.004 0.018±0.004 0.118±0.037
1.0 (85.9,14.1) 0.019±0.009 0.029±0.007 0.129±0.041
2.0 (48.9,51.1) 0.017±0.008 0.094±0.057 0.152±0.051
5.0 (44.8,55.2) 0.102±0.021 0.131±0.030 0.218±0.081
7.0 (47.4,52.6) 0.111±0.027 0.237±0.058 0.253±0.093

σ=0.05 for IKNMC. The test-errors equal0.083, 0.121
and0.173, respectively. The perfect point symmetry of
all classifiers in Fig. 2 occurs thanks to the invariant ker-
nel. The table shows that IKNMC is here consistently
worse than IKFD. ISVM performs as well or better than
IKFD for marginal indefiniteness (hereσ ≤ 0.1). For
predominantly indefinite data (hereσ>0.1), IKFD out-
performs ISVM.

The last two examples are based on non-Euclidean
dissimilarities, a common cause of indefiniteness. We
consider a data set of2000+2000 polygons correspond-
ing to two classes of polygons with five and seven ver-
tices, respectively. The modified Hausdorff-distance is
applied for computing the pairwise distances, see [10].
We convert this dissimilarityd into similarity by con-
sidering the kernelk(x, x′) := −d(x, x′)γ for γ > 0.
The experiment setting is as before, taking50 + 50
samples for a10-fold cross-validated parameter selec-
tion and training, and then testing on the remaining
3900 examples. In order to address the statistical sig-
nificance, we repeat this10 times. The resulting mean
and standard deviations of the test-errors, as well as of
the signatures are reported in Tab. 2 We see that IKFD
and ISVM clearly outperform IKNMC. In the dominant
positive definite case,γ≤0.7, there is no significant dif-
ference between the performance of IKFD and ISVM,
while in the remaining indefinite cases IKFD is obvi-
ously beneficial, with the overall best result forγ = 2.
The final5-class data set, calledchickendata [11], is
given as a dissimilarity matrix between 446 objects
based on an asymmetric measured. This give the sym-
metric but indefinite kernelk(x, x′) = −((d(x, x′) +
d(x′, x))/2)2. The cross-validation, training and test-
error determination is based on a 75%/25% train/test
partition. As average test errors over20 repetitions we
obtain0.0785±0.034 (IKFD), 0.1029±0.0273 (ISVM)
and0.2966±0.0496 (IKNMC). This again confirms the
superiority of IKFD over ISVM in the indefinite cases.

5. Conclusions

We have derived the Fisher Discriminant in a pE
space and shown its equivalence to the Fisher Discrim-

inant in the associated Euclidean space. This is an ap-
pealing nontrivial property which is invalid for several
other indefinite classifiers, such as ISVM or IKNMC.
Consequently, we obtain more intuitive classification
boundaries in pE spaces than in case of other indef-
inite classifiers. Further on, Indefinite Kernel Fisher
Discriminant (IKFD) is proposed as an extension of
the traditional KFD. In agreement with the derivation
in a pE space, this leads to the usual KFD algorithm,
but now based on anindefinitekernel matrix. Conse-
quently, IKFD has a sound theoretical basis and can
be applied to indefinite kernels without manipulation of
the kernel matrix. We have demonstrated the classifi-
cation behavior of IKFD in indefinite spaces and con-
cluded superiority over ISVM and IKNMC in case of
essential indefiniteness. This is of practical importance
for learning from non-Euclidean dissimilarities, kernel
combinations or incorporation of prior-knowledge, e.g.
invariances, into kernels.
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